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The main object of this paper is to establish a lower bound of the entropy
numbers for powers of weighted shift operators on p spaces, 1 ≤ p ≤ ∞, and
we obtain some results of Pietsch. Furthermore, we get an interesting inequality
between entropy numbers and s numbers of these shifts and, as a simple appli-
cation of this inequality, we have, for q ∈ 0∞, that the two operator ideals
E
e
q p p and Ssq p p are identical.  2001 Academic Press
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1. INTRODUCTION
The theory of entropy numbers and s numbers was studied deeply and
developed by Pietsch and others (see, e.g., [1, 5]). Roughly speaking, the
asymptotic behavior of enT , the nth entropy number of a bounded linear
operator T from a Banach space X into a Banach space Y , character-
izes the “degree of compactness” of T . In particular, T is compact if and
only if limn→∞ enT  = 0. Whereas a number of interesting examples and
counterexamples come from shift operators (weighted and unweighted
ones), they have been rightly called the “building blocks” of operator
theory. The importance of studying entropy numbers and s numbers of
weighted shift operators is not conﬁned solely to operator theory, but
also has ramiﬁcations and applications in several areas of mathematics.
Carl [1] answered afﬁrmatively a question (conjecture) posed by Pietsch
[4, 14.3.12]. In fact, Carl proved, for 0 < q < ∞ and all Banach spaces
X and Y , that Ssq XY  ⊆ Eeq XY , where Ssq XY  and Eeq XY 
stand for the operator ideals generated by s numbers and entropy numbers
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of operators from X into Y , respectively, and, for Hilbert spaces, that
S
s
q HH = Eeq HH. Therefore, there is an interesting question con-
nected with the converse of Pietsch’s conjecture that is formulated as
follows: Under what conditions on the Banach spaces X and Y and on the
operators from X into Y is Eeq XY  ⊆ Ssq XY ? We have character-
ized [2] an exact estimation of s numbers of the powers of weighted shift
operators on p 1 ≤ p ≤ ∞ spaces.
The main purpose of this paper is to determine a lower bound of erRmλ ,
the rth entropy number of the mth power of the right weighted shift oper-
ator RλerLmλ  and the rth entropy number of the mth power of the left
weighted shift Lλ) on p 1 ≤ p ≤ ∞, spaces, and we obtain some results of
Pietsch [4]. Furthermore, we get a partial solution of the preceding question
via obtaining the interesting inequality erRmλ  ≥ 12e srRmλ , where srRλ is
the rth s number of Rλ and e is the logarithmic base. In fact, we give an
example of a Banach space p and a certain class of operators (weighted
shifts) on p such that, for q ∈ 0∞, Ssq p p = Eeq p p. Also a
necessary and sufﬁcient condition for the compactness of Rmλ is reported.
2. PRELIMINARIES
Let p 1 ≤ p ≤ ∞, be the classical Banach spaces of absolutely pth
power summable and bounded p = ∞ complex sequences x = 
xn∞n=0,
and let 
en∞n=0 be the standard basis for p. Let λ = 
λn∞n=0 be a bounded
sequence of positive real numbers. The operators Rλ and Lλ deﬁned on
p by
Rλen = λnen+1 for all n ≥ 0
and
Lλe0 = 0 Lλen = λnen−1 for all n ≥ 1
are, respectively, called the right and left weighted shift operators with the
weight sequence λ. If λn = 1 for all n, then Rλ and Lλ are simply called
the right and left shifts, which we denote by R and L, respectively. That is,
for x = 
xn∞n=0 ∈ p,
Rλx = 
0 λ0x0 λ1x1    and Lλx = 
λ1x1 λ2x2   
An excellent introduction to the theory of such operators and an extensive
bibliography can be found in the comprehensive article by Shields [6] (see
also [3]).
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For every operator T ∈ LXY , the Banach space of all bounded linear
operators from a Banach space X into a Banach space Y , the nth entropy
number enT  of T is deﬁned by
enT  = inf
{
ε > 0  ∃y1 y2     yqεY with q ≤ 2n and
T BX ⊆
q⋃
i=1
yi + εBY 
}

where BX and BY stand for the closed unit balls in X and Y , respectively.
Clearly T is compact if and only if limn→∞ enT  = 0.
The entropy numbers have the following nice properties:
(I) T = e0T  ≥ e1T  ≥ · · · ≥ 0 for T ∈ LXY .
(II) en+mU + V  ≤ enU + emV  for UV ∈ LXY .
(III) enUTV  ≤ UenT V  for V ∈ LX0X, T ∈ LXY ,
and U ∈ LYY0.
A map s that assigns to every operator T ∈ LXY  a unique sequence

snT ∞n=0 of real numbers that satisfy the properties of entropy numbers
enT  is called an s function. We call snT  the nth s number of the operator
T . The approximation numbers
anT  = inf
T −AA ∈ LXY  and rankA ≤ n
give an example of s numbers; in fact, they are the greatest among other
s numbers, i.e.,
anT  ≥ snT  for all s-numbers snT 
For an n-dimensional normed space E, it can be shown that skT  = 0
for all k > n and all operators T on E. For the entropy numbers, the same
fact is clearly wrong, but an analogous phenomenon holds: the numbers
ekT  decrease very fast when k > n. This is best seen by studying the
identity operator IE . It is proved (see Pisier [5]) that
2−k−1/n ≤ ekIE for all k ≥ 1
An operator ideal  is a subclass of LXY  such that the components
XY  =  ∩ LXY  satisfy the following conditions:
1. Ik ∈ , where K denotes the one-dimensional Banach space.
2. It follows, from T1 T2 ∈ XY  that T1 + T2 ∈ XY .
3. If U ∈ LX0X, T ∈ XY , and V ∈ LYY0, then VTU ∈
X0 Y0.
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We say that an operator T ∈ LXY  is of type Eeq , q ∈ 0∞, if
∞∑
r=0
erT q <∞
where erT  is the rth entropy number of T .
Then (see [4]) Eeq = 
T ∈ LXY   ∑∞r=0erT q < ∞ is a quasi-
normed operator ideal with the quasi norm
ρqT  = ε−1q
( ∞∑
r=0
erT q
)1/q

where the norming constant εq is chosen such that ρqIk = 1.
Similarly, Ssq = 
T ∈ LXY   ∑∞r=0srT q < ∞, q ∈ 0∞, is a
quasi-normed operator ideal with the quasi norm
ηqT  =
( ∞∑
r=0
srT q
)1/q

where srT  is the rth s number of T .
3. TECHNICAL LEMMAS
We are now in a position to state some technical lemmas that are con-
sidered to be the basic tools to obtain our main results.
Lemma 3.1 [2]. Let 
τii∈& be a bounded family of real numbers. Then
sup
card=r+1
inf
i∈=r
= inf
card=r
sup
i ∈
τi
where card is the number of elements of the subset of indices.
Remark 311. For any convergent to zero sequence 
τrr∈N of real
numbers, the sequence 
supcard=r+1 infn∈ τnr∈N is a monotonic decreas-
ing rearrangement of the original sequence 
τrr∈N .
Remark 312. limr τr = 0 if and only if limr supcard=r+1 infn∈ τn = 0.
Theorem 3.2 [2]. For the mth power Rmλ of the right weighted shift Rλ on
the space p 1 ≤ p ≤ ∞, we get
Rmλ  = sup
n
m−1∏
j=0
λn+j and srRmλ  = sup
card=r+1
inf
n∈
m−1∏
j=0
λn+j
where srRmλ  is the rth s number of Rmλ and card is the number of elements
of a subset of the set N .
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Theorem 3.3 [2]. For the mth power Lmλ of the left weighted shift Lλ on
the space p 1 ≤ p ≤ ∞, we get
Lmλ  = sup
n
m∏
j=1
λn+j and srLmλ  = sup
card=r+1
inf
n∈
m∏
j=1
λn+j
where srLmλ  is the rth s number of Lmλ and card is the number of elements
of a subset of the set N .
Theorem 3.4 [1]. Let q ∈ 0∞. Then Ssq XY  ⊆ Eeq XY  for all
Banach spaces X and Y .
Lemma 3.5 [4]. Let 1 ≤ p, q ≤ ∞. Then, for n = 1 2    m,
enI  mp → mq  ≥
1
2e
m1/q−1/p
where e is the logarithmic base.
4. ESTIMATES ON ENTROPY NUMBERS FOR
WEIGHTED SHIFTS
Theorem 4.1. For the mth power Rmλ of the right weighted shift Rλ on the
space p 1 ≤ p ≤ ∞, the rth entropy number of Rmλ is given by
erRmλ  ≥
1
2e
sup
card=r+1
inf
n∈
m−1∏
j=0
λn+j
where card is the number of elements of any subset of the set N , and e
is the logarithmic base. In case the sequence λ = 
λn∞n=0 is monotonically
decreasing, the estimation becomes
erRmλ  ≥
1
2e
m−1∏
j=0
λr+j 
Proof. Let  be a subset of the natural numbers N with card = r + 1
and let P be an operator on the space p with rank P = r + 1, deﬁned by
P
{m−1∏
j=0
λn+jxn
}∞
n=0
= 
yn∞n=0
such that
yn =


m−1∏
j=0
λn+jxn n ∈ ,
0 n ∈ .
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Clearly the range of P is the subspace
Y =
{{m−1∏
j=0
λn+jxn
}∞
n=0
 xn = 0 n ∈ 
}

Let us construct the operator S ∈ LY p by
S
yn∞n=0 = 
zn∞n=0
such that
zn =


(m−1∏
j=0
λn+j
)−1
yn n ∈ ,
0 n ∈ .
Then, for the identity I = PRmλ S on the r + 1-dimensional subspace Y,
we have
erIr+1 = erPRmλ S
Then, from Lemma 3.5 and by property III of entropy numbers, we get
1
2e
≤ PerRmλ S
Consequently,
erRmλ  ≥
1
2eS
= 1
2e
(
sup
n∈
[m−1∏
j=0
λn+j
]−1)−1
= 1
2e
inf
n∈
m−1∏
j=0
λn+j 
Since this relationship is true, for every set  with card = r + 1, then we
obtain the lower estimation
erRmλ  ≥
1
2e
sup
card=r+1
inf
n∈
m−1∏
j=0
λn+j 
If the sequence λ = 
λn∞n=0 is monotonically decreasing, then the esti-
mation becomes
erRmλ  ≥
1
2e
m−1∏
j=0
λr+j 
We note that the right weighted shift operator Rλ on p can be consid-
ered as a right shift of a diagonal (multiplication) operator D with diagonal

λn∞n=0 (i.e., Rλ = RD, where Den = λnen). So, if we take m = 1 in the
preceding theorem, then we get an estimation of the entropy numbers of
the multiplication operator. In fact, we get the following result.
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Corollary 4.1.1. If the sequence λ = 
λn∞n=0 is monotonically decreas-
ing, we obtain
erRλ ≥
1
2e
λr
which is a result of Pietsch [4, Proposition 12.2.4].
The following corollary gives a criterion for compactness of powers of
weighted shift operators.
Corollary 4.1.2. Let the sequence λ = 
λn∞n=0 be monotonically
decreasing. Then the mth power Rmλ of the right weighted shift Rλ is compact
if and only if
lim
r→∞
m−1∏
j=0
λr+j = 0
Proof. It will sufﬁce to observe that
sup
r
m−1∏
j=0
λr+j = Rmλ  ≥ erRmλ  ≥
1
2e
m−1∏
j=0
λr+j 
We obtain, from Theorem 3.2, the following interesting result, which
gives the relationship between the entropy numbers and s numbers of these
weighted shifts.
Proposition 4.2. For the mth power Rmλ of the right weighted shift Rλ on
the space p 1 ≤ p ≤ ∞, we have
erRmλ  ≥
1
2e
srRmλ 
where erRλ and srRλ are the rth entropy number and rth s number of Rλ,
respectively.
From Theorem 3.4 and Proposition 4.2, we obtain the following nice
result:
Corollary 4.2.1. Let q ∈ 0∞. Then, for the mth power Rmλ of the
right weighted shift Rλ on the space p 1 ≤ p ≤ ∞, we get
S
s
q p p = Eeq p p
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Theorem 4.2. For the mth power Lmλ of the left weighted shift Lλ on the
space p 1 ≤ p ≤ ∞, the rth entropy number of Lmλ is given by
erLmλ  ≥
1
2e
sup
card=r+1
inf
n∈
m∏
j=1
λn+j
where card is the number of elements of any subset of the set N , and e
is the logarithmic base. In case, the sequence λ = 
λn∞n=0 is monotonically
decreasing, the estimation becomes
erLmλ  ≥
1
2e
m∏
j=1
λr+j 
Proof. The proof is similar to that of Theorem 4.1.
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